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Vibration of a Rotating Smart Beam
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This paper investigates the active damping of the vibration of a rotating beam by using a pair of piezoelectric
sensor and actuator layers. It uses Hamilton’s principle to derive the governing differential equations and the
boundary conditions for the coupled axial-bending vibration of a piezoelectric rotating beam. The derivative control
law is used to apply the active damping of a rotating beam. An analytical method to determine the transient response
of a piezoelectric rotating beam is proposed. The relation among the energy dissipation, the frequency, and the decay
rate is revealed. The influences of the gain factor, the hub radius, the setting angle, and the rotating speed on the

oscillating frequency and the decay rate are investigated.

Nomenclature

A; = cross-sectional area of the beam, w, [, dz

a = a,+ta,+a;

a; = dimensionless rotary inertia per unit length,
Pili/,(/’hAhLz)

B, = w, [ zd

b = ba + bh + b s

b; = dimensionless bending rigidity, E;I;/(E,I,,)

c = elastic stiffness constant

D = electric displacement

d, = dimensionless piezoelectric parameter,
{M§3AaZ§ [hxe_’)l,s/(:ug} Lha)]z/ (phAh L2) }kz

d, = dimensionless piezoelectric parameter,
[_e3l,ae3lJBaZsh.r/(/J’;}Lzha /OhAhEhIh ]kd

E = Young’s modulus of the beam

E, = electric field intensity

EA = E|A1 + E';A';

EB = E| Bl + E3B3

El = EI + E,I, + E;I,

e = piezoelectric constant

H = {/‘Lg’i[hre:%lv/(M’i’;Lha)]z}klzi .

I; = area moment inertia of the beam, w,, [z 72 dz

j = imaginary unit

L = length of the blade

m = mg+my, +m,

m; = dimensionless mass per unit length, p;A;/(p0,A,)

N = centrifugal force

n = dimensionless centrifugal force, o> [/ m(r + x) dx

0 = [_631.aeBLsh.s/(/“L%}Lzha)]kd

R = radius of the root

r = dimensionless radius of the hub, R/L

t = time variable

u,v,w = displacements in the x, y, and z directions,
respectively

w = dimensionless lateral displacements in the z
direction, w/L

wy = width of the beam

x,y,z = principal frame coordinates of the blade

Z = the neutral axis, ) ,_, ,  Eih; [(Z}:a hj) -

1
Ehli| /Zi:a.h.sEihi
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o = dimensionless rotational speed, QL?/p,A,/(E,I,,)
Bi,vi = coefficients of the governing equation

e = strain

4 = decay rate

0 = setting angle

& = dimensionless distance to the root of the beam, x/L
I = permittivity

P = mass density per unit volume of the beam

o = stress

T = dimensionless time, tv/E,I,,/(p,A,L*)

Q = rotational speed

1) = dimensionless frequency, @w+/p,A,L*/(E,I,)

w = frequency

Subscripts

a = actuator

h = host beam

s = sensor

1,2,3 = inthe x,y, and z directions, respectively
Superscripts

* = independent of *

I. Introduction

OTATING beams, which have importance in many practical

applications such as turbine blades, helicopter rotor blades,
airplane propellers, and robot manipulators, have been investigated
for a long time. An interesting review of the subject can be found in
the papers by Leissa [1], Ramamurti and Balasubramanian [2], Rao
[3], and Lin [4]. Much attention has been focused on the undamped
vibration problems. Lin et al. [5] and Lin and Lee [6] studied the
passive damping of a rotating beam. No analytical solution for the
vibration of the dynamic system has been presented.

Turcotte et al. [7] studied the vibration of a mistuned bladed-disk
assembly using nonrotational structurally damped beams. The
structural damping was introduced through a complex bending
rigidity. Patel and Ganapathi [8] studied the free torsional vibration
of nonrotating damped sandwich beams. Friswell and Lees [9]
studied the free vibration of simply supported nonrotating damped
beams. Lin et al. [5,6] investigated the vibration and instability of a
rotating structurally and viscously damped beam with an elastically
restrained root and root damping. The complex frequency relations
among different systems were revealed. The instability of
divergence, oscillating, and nonoscillating motions were predicted
exactly, via the relations. The preceding literature investigated the
passive damped vibration problems. Piezoelectric materials have
been applied to the active control of structural vibrations and noises.
Because of the complexity of analytical methods, the approximated
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finite element method has been investigated by many researchers
[10,11]. So far, little research has been done on the active-damping
problem of a piezoelectric rotating beam, because of its complexity.

In this paper, the governing differential equations and the
boundary conditions for the coupled axial-bending vibration of a
piezoelectric rotating beam are derived by Hamilton’s principle. An
analytical method to determine the transient response of a
piezoelectric rotating beam is derived. A system composed of the
complex differential equations is written as a coupled real system
expressed in terms of real and imaginary variables. A frequency
equation is derived in terms of the eight normalized fundamental
solutions of the two coupled characteristic governing differential
equations. The relation among the energy dissipation, the frequency,
and the decay rate is studied. The influences of the gain factor, the
setting angle, and the rotating speed on the natural frequencies and
the decay rate are investigated.

II. Governing Equations and Boundary
and Initial Conditions

Consider the transient response of a rotating smart beam mounted
with 6 on a hub with R, rotating with constant angular velocity €.
The upper and bottom surfaces of the beam are bonded piezoelectric
sensor and actuator layers, as shown in Fig. 1. A set of differential
equations of coupled axial-bending motion for the rotating beam are
derived based on the following assumptions:

1) If the beam is assumed to be narrow in both the y and z directions
and not loaded in these directions, then 0, = 03 = 0.

2) The shear deformation is negligible.

3) The rotary inertia is considered.

4) The transverse displacement is the same for all three layers.

5) The linear theory of piezoelectricity is applicable.

6) The electric field will be applied to the piezoelectric actuator on
the z direction (perpendicular to the planes of piezoelectric film).
Therefore, E,) = E,, =0.

The displacement fields of the beam are

ow(x, t)

u=uy(x,t)—z

ox

Fig. 1 Geometry and coordinate system of a rotating beam.

Based on the effect of centrifugal force, the nonlinear term of strain of
the host beam is considered

duy 0w 1 [0w\?
Sl—a‘zwﬁ(a)’ =0 &=0 @

The kinetic energy T of the beam is

l L
T=—/ /V-V,odAdx 3)
2 0 A

where the velocity vector of a point (x, y, z) in the beam is

d
V= [a—’:—l—Qsin@(z—l—w)+chos€]i+[(x+R

w

+ u)Q cos 0] + [Bt

—(x+R+u) sin9]k )
The extended potential energy including the electric contribution is

1 1
Uzif,alsl dU—E/;Ep3D3dv )

The constitutive equation of the piezoelectric material is
0y =ch1& — ey E,,, D3 =e316) + n5E,;3 (6)

The piezoelectric layer is used to sense the vibration of the rotating
beam. The charge accumulated on the layer due to the direct
piezoelectric effect is evaluated by

q= wb/93151 dx @)

Considering the sensor to be a parallel capacitor, the voltage of the
sensor is

s

:M3E;L/‘33151dx ()

In closed-loop control, the control voltage on the piezoelectric
actuator is designed by the following derivative control law [12]

v,
Vo= —de (O]

where k, is a gain factor. Application of Hamilton’s principle yields
the following governing differential equations:

—pA%—}— pB%(f—g) —2pAQ sin@%—i)—pBQZZ—i}
+ pAQ2(x + uy + R) +%—Z+EA%—EB%ST?
—ZQA1%+ (B, +A123)%— 1%
+ HAlzg%: 0 (10)
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8 (du, & (9w duq 8w
12 (S8 4 pp2 20 pr2 2%
—rB az2(a)+p32(32)+p o P e

0’w
+ 2pAQ2 sin 9— — 4pBS2 sin 9 —pPASS
3
+ pBQ%sin?0 + pAwR2sin?6 + i Na—w + EB & ug
ax \' ox ax
*w w
—EI T - Q(B, +A122) +2Q3123W
uy 34
HA]Z3 a 3[2 + HA1Z3 8128 5 O (11)

It should be noted that there exists a term in Eq. (L1), pB22sin?6,
which is independent of time. It represents a small transverse static
centrifugal force due to the coupled effect of the rotational speed and
the small difference between the geometric center and the neutral one
at which the bending stress is zero. Because it will not affect the
dynamic behavior, the static term is negligible in studying the
dynamic behavior of the beam.
The associated boundary conditions at x = 0 are

o =0 (12)
w _y (13)
X
w=0 (14)
andatx =L,
Ouy ’w duy Pw
N+ EATY —EBS = 04, 50+ QA5 =0 (1)
duy ’w Oug ’w
EB——El— B,— Biz3—= 1
ox e m @B T OBing =0 (6
0u, 0> (dw ow
BEM o1 2 () 4 pr2 28 — pB22 R
PEGa —P at2(ax)+" gy PEEE R
. 0w ow 9%u, w
2pBQ 00— —N——EB—~ + El —
B PR o e
32140 83 82140
B A —— —20B,z35—— + HA |23 —
+ QB +Az3) %01 OB, z3 9102 + HA 23 o
83w
HAlzsa 29x (17

Assume that the beam is inextensional and the Coriolis force effect
is neglected. Moreover, because the sensor and actuator layers are
considered to be thin, the axial force in Eq. (10) is dominated by the
centrifugal force pAQ%(x + R). As aresult, the centrifugal force can
be expressed as

N(x) =Q? /L p(X)A(x)(R + x) dx (18)

X

The governing equation in terms of the transverse displacement w
becomes

p1522 — pA > 1212 + pAwR?sin?0
a or
a ow *w *w 0w
a_( a_)_ et 201z g+ HA g =
19)
The boundary conditions at x = 0 are
ow
—— =0 20
I (20
w=0 21
andatx =L,
02 02
—EIS 5+ 0B 75 =0 22)

ax? drdx

2 3
—pla—(a—w)+ AL LTSy L)

a2 \ ox ox ox ax? 2 0t0x?
Pw
— 2 -~ —
HAZ 50 =0 (23)

It should be noted that when the sensor and the actuator are neglected,
the differential equations are the same as those given by Lin [13].

In terms of the dimensionless quantities listed in the
Nomenclature, the governing differential equation (19) and the
boundary conditions (20-23) of the system are nondimensionalized
as follows:

*w _ 282_W_ 82_W+ 1% m2.9+a a_W
aaéz(%2 ax o 5z tm a’s P naé
0w PW P*W
T T R A @4)
atx =0,
oW
% =0 (25)
W =0 (26)
andatx =1,
PW W
oIV W W YW Ew B
Cora TN e T Mo T 98 T “Yapezar T Y
) (28)

The dimensionless initial conditions of the motion at the tip are

W (1,0)

wW(1,0) =w, and =),
at

(29)

III. Solution Method

A. Characteristic Governing Equations and Boundary Conditions
Assume that the solution to Eqs. (24-29) is

W, 1) =

where W represents the complex mode function and A is the complex

W (E)eH (30a)
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frequency. They can be expressed as

W(E) = Wg(®) + jW,(§).

The imaginary term « is the damped frequency. Letting
ReW(1,0) = w, and ReW(1,0) = 1, one obtains

A=—C+ jo (30b)

_ -1
Wr(1) =wp, and W,(1) = ?[fwo + W] €)Y

Substituting Eq. (30) into the governing equation (24) and the
boundary conditions (25-28) and taking the real and imaginary parts
apart, the coupled real differential equations can be obtained:

a*w W W W
—e dE“R_zd[’(;Y*%R—’_w dgl)—{—a[({z—a)z—az) dEZR
d*w a*w W W
+ 2w dgz’]+n?f+d,,[(§2—w2) dngH;“’ dgzl]
ﬂdWR_ 2 2 206020\ T 71—
+ i dE m[($* — w? — &’sin?O) Wy + 2¢wW,] =0
(32a)
a*w W W d*w
—e dg‘]—qu(E?;—wFf)+a|:(§2—a)2—oz2) dézl
aw aw W W
— 2w dng]an?z’erh[(;Z—wZ) dsz’—zzw dng]
%dW,_ 2 2 2620\ Vol —
-|—dS i m[(§* — o* — a*sin*O)W; — 2LwWgr] =0
(32b)
até =0,
Wep=0 (33a)
W,=0 (33b)
dWp
= 4
T 0 (34a)
aw,
= 4
i 0 (34b)
até=1,
d*Wy dW, aw,\
d*W, dWe . dW,\
e T2 — q(w i —-¢ dé)_o (35b)
%_{_Zd ;LVI/R+ L‘/vl _ (é-Z_ 2 Z)LVI/R
e d%_g q dgz w dEz a () o d%_
aw,] s o AWy aw,]
+ 2w dE] d,,|:(§‘ w?) i + 2w ds]_o (36a)

W, d*W d*w, dwy
e a& +2dq(§ & +ow ae ) —a[({z—wz—az) i
+ 2w dd—“;’} —d, [(gz —w?) dZ‘;R + 2w dgg’] =0 (36b)

B. Frequency Equations

The fundamental solution of the characteristic differential
equations (32) is assumed to be

We® ]_ ¥ _[WR,[@]
[W,@)] 2 wre) 37

where the eight linearly independent fundamental solutions
[Wei(§) W® ] i=1,2,....8, of Eq. (32) are chosen such
that they satisty the following normalization conditions at the origin
of the coordinated system:

[ W WR,Z WR,3 WR,4 WR,S WR,ﬁ Wi WR,S ]
Wei Wea Wiz Wiy Wis Wie Wiy Wi
Wii Wio Wiz Wia Wis Wie Wiy Wi
W Wi Wis Wiy Wis Wie Wiy Wiy
Wi Wi Wiz Wiy Wis Wi Wi Wig
Wi Win Wiz Wiy Wis Wi Wi; Wi
Wi W}/,z W/I/,3 VWA Wis Wig W/I/i Wis
LWl Wi Wi WL WS Wi Wi Wi
1 0 0 O 0 07
1

(=)

—_
oS O o O

0
0
0

(38)
0

S O O©oO o o o

1
0 1
0

oSO O o O o o ©

0
0
1
0
0
0
0

SO O o O O o
o O o o O

(= e

- O o O O o o

where primes indicate differentiation with respect to the
dimensionless spatial variable £.

Substituting Eq. (37) into the boundary conditions (33) and (34),
one obtains the coefficients C; = C, = Cs = C¢ = 0. Further,
substituting the solution into Eq. (35) and the initial conditions (31),
the following relation is obtained:

K3 Ky K7 Kg G,
K3 Ky K7 Kg C,
Wes(1) Wea(1) Wea(1) Wes(D) || G

Wis(l) W) W) Wig() LG

0
0
= (39a)
Wo
=L [qwy + o]
where
i =eWg. (1) +d,[iW (1) + oW}, (1
;= eWg (1) JAEWR (1) + oW (1)] (39b)

Ki

eW7;(1) + d,[EW7,;(1) + oWg (1]
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Given the initial displacement w, and velocity w,, the oscillating
frequency and the decay rate can be easily determined via the coupled
frequency Eq. (36) by using the numerical method proposed by Lin
[13].

C. Exact Fundamental Solutions

In general, the closed-form fundamental solutions of two coupled
differential equations with variable coefficients cannot be
determined. However, if the coefficients of the equations, which
involve the material properties and/or geometric parameters, can be
expressed in matrix polynomial form, then a power series
representation of the fundamental solutions can be constructed by the
modified method of Frobinius [6]. Equation (32) can be expressed as

- d*Wy - dW, - dPW, - AW, - - - dW,
A, i + A, B + A, a2 + A, T +A5WR+AGd—53
_ W, - -
+ A —+ AW, =0 (40a)
dé
- d*W, - BW, - EW, - dW, - - - W,
A| d§4 +A2 déS +A'; d%‘z +A4TE+A5WI+A6T%'3
- d*W - -
+A7F2R+A8WR=O, £€(0,1) (40b)
where
Al = 4y, 1&1 = ay, Az = by, AZ = 50
Ay=co+ c\E+ e Ay =8+ G\ + 6,8
Ay=dy+dE. Ay=d,+d\E, As = e, As=2¢
As = fo, As =an A7 = 8o A7 = 8o, As =hy
Ay =hy
(41a)
in which
ag=dy=—e,  by=by=-2D.

¢y =Gy = (@ — & — &) + D,(& — ) +&’m(r +1/2)

= 2 = !
¢ =¢ =—ro’m, =8 =—zo'm
—J = —ro2 —d = _2
dy=dy=—ro‘m, di=d, =—uo'm
e = ey = —m({® — & — a’sin®0), fo=—fo=-2D,®

hy = —hy = —2Lwm
(41b)

8o = —&0 = 2{wa + 2{wD,,

One can assume that the eight fundamental solutions of Eq. (32) are
in the form of

W_/R-f] -y [“«f‘kék] =12 42
i l-plie) e @

k=0

and

for V_VR_ltotLOZ 1, A =a,=0a,3=0
for WR_Z: a =1,
for Wm: asz, =1/2,

for WRA: Qy3 = 1/6,

Opp =0 =03=0
o0 =03; =0a33=0
o=y =0a3=0

for Wy st a5 = Os) =05, =053=0

for WR,G: Qg =06 = 0gp =03 =0

for WRJ: =071 =3 =073=0

for W g: Qgg=o0g) =0g, =0g3 =0

for V_VI,I: Bro=PBi=B2=Ph;3=0

for W1.23 Bro=Pr1=Pr2=p23=0

for V_Vlsi Bso=Ps1=PBs2=Ps3=0

for W1.43 Bao=Pa1=Psr=Pa3=0, for W, s: Bso=1
Bsi=PBsa=PBs3=0, for W1,61 Bo1 =1

Bso = Bs2 = Bss =0, for Wmi Bra=1/2
Bro=B11=PB13=0, for Wuﬁ Pss=1/6

138.0 = ﬂs,l = 58,2 =0
(43)

These eight fundamental solutions satisfy the normalization
condition (38). Upon substituting Eq. (42) into Eq. (32) and
collecting the coefficients of like powers of &, the following
recurrence formulas can be obtained:

-1
U4 = Tao (hoBjo + 28082 + 6f0B;3 + epatjo + door;
+ 2coa;, + 6b0(xj43)
1 - B _ B _
Bia= Tﬁo (hootj o + 2800 + 6f0a; 5 + €oBjo + doB;

+260B;2 + 6boP;3)

-1
ag(m + 4 (m + 3)(m + 2)(m + 1) [hoﬂj,m + go(m
+ 2)(}’}1 + I)IBj,»H»Z + f()(m =+ 3)(m + 2)(1’” + 1)ﬁj.m+3

Ojmts =

m

+ e, + ;dk(m_k + Doy pr + kZ(;Ck(m —k+2)(m

—k+ D g2 + bo(m + 3)(m + 2)(m + l)aj<m+3i|

-1 - _
Bimya = |:h0aj‘m + go(m

ag(m +4)(m +3)(m+2)(m + 1)
+2)(m + D)t 0 + folm +3)(m + 2)(m + D) 3

+eoBjm + ,{Z;ak(m —k+ DB i1 + ;Ek(m —k +2)(m

—k+ DB uis2 + bo(m + 3)(m + 2)(m + 1),3_,:m+3]

m=1,2,...
44)

With these recurrence formulas (44), one can generate the eight exact
normalized fundamental solutions of the differential equation (32).
Consequently, upon substituting these fundamental solutions into
the frequency equation (36), the exact complex frequencies of the
beam are obtained.
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IV. Relation Among Energy Dissipation, Frequency
Shift, and Decay Rate

Consider the transient behavior of a beam and the definition of the
Q factor. With the active damping of piezoelectricity, the amplitude
of vibration decreases from the initial value. The total energy is a
function of time. Neglecting the electrostatic energy of two
piezoelectric thin layers, the strain energy of the beam is

E(7) =% > b A I[ReW”(g, 7)Pdg (45)

i=a,h,s

If the initial velocity is zero, the initial total energy is E,(0) = E,(0).
Similarly, the total energy through a period T is E,(T) = E(T). The
total energy and the energy lost through a cycle, E =
E,(0) — E(T), are derived as

E©O) =5 3 b [ Wieras
i=a,h,s

1 1 (46)
B = (1= 93 3 b, [ Wacerp ag

i=a,h.s

Substituting Eq. (46) into the definition of the Q factor, one obtains

E 2
O factor = 2r —— = il

B L — 47
Eloss (1 - 6747.[:/&)) ( )

V. Numerical Results and Discussion

To demonstrate the efficiency and convergence of the proposed
method to solve the vibration problem, the transient response, the
frequency shift, and the decay rate of a rotating beam are determined.
Figure 2 demonstrates the transient response of the beam. The initial
displacement and velocity are given. The larger the gain factor, the
faster the decay of the oscillation of the beam. In Table 1, the
convergence pattern of the complex eigenvalues of the beam is
shown. It shows that the eigenvalues determined by the proposed
method converge very rapidly. The convergent frequency shift
without the piezoelectric damping is the same as that given by Lin
[13].

0.016 —
w(l,7)

0.008 — ﬁ

O p—
-0.008 — u

*:K=0.1 4:K=0.05 ®: K,=0.0001
'0-016 T T T | T T T | T T T | T T T | T T T |
0 5 10 15 20 25
T

Fig. 2 Oscillation of a rotating cantilever beam [w, = 0.01, w =0,
a=0.00001, e =m = 1,d, = 0.98k3, d, = 1.892k;, r =0.5, « =1, and
0 =30deg].

Table 1 Convergence pattern of the first eigenvalue of a rotating
cantilever beam [wy = 0.01,w = 0,a = 0.00001,¢ = m = 1,d,, = 0.98k2,
d, =1.892k;,r = 0.5, = 1,and 6 = 30deg]

No. of terms k;=0 k, = 0.05 k, =—0.03
w 1) ¢ 3} ¢

10 3.7562  3.6709  0.004021 3.7253  —0.000805

20 37534  3.6652  0.011003  3.7211 —0.002479

30 37534  3.6652  0.011003  3.7211 —0.002479

40 37534  3.6652  0.011003  3.7211 —0.002479

50 37534  3.6652  0.011003  3.7211 —0.002479
[13] 3.7534 ~ ~ ~ ~

Figure 3 shows the influence of the gain factor and the rotational
speed on the frequency and the decay rate. It is found that when the
gain factor is increased or decreased from zero, the fundamental
frequency is decreased. A positive or negative gain factor results in a
corresponding positive or negative decay rate. It means that if the
decay rate is positive, the amplitude decays exponentially and the
system is stable; otherwise, it is unstable. Increasing the gain factor
from zero, the decay rate increases rapidly from zero to a critical
value and then decreases slowly. The influence of the gain factor on

O oa=0 O a=1

<& o=0 [ a=l

b)
Fig. 3 Influence of the gain factor k,; and the rotational speed « on the
frequency and decay rate of a rotating cantilever beam [w, = 0.01,
W =0,a = 0.0000096, ¢ = 1.722, m = 1.807,d, = 0.98k3,d, = 1.892k,,
r=0.5,and 6 = 30deg].
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b)
Fig. 4 Influence of the gain factor k; and the radius of hub r on the
frequency and the decay rate of a rotating cantilever beam [w, = 0.01,
W =0,a =0.0000096, ¢ = 1.722, m = 1.807, d;, = 0.98k>, d, = 1.892k,
a=1,and 6 =30deg].

the frequency and the decay rate is more obvious, especially at a
larger rotational speed.

Figure 4 shows the influence of the gain factor k,; and the
dimensionless radius of hub r on the frequency and the decay rate. It
is well known that increasing the radius of hub r increases the
stiffness and the natural frequency of a rotating conventional beam.
Figure 4 shows that increasing the hub radius increases the frequency
and the decay rate. Moreover, increasing the gain factor from zero
will increase the decay rate. However, when the gain factor is larger
than a critical value, increasing the gain factor will decrease the decay
rate. This phenomenon has also been verified in Fig. 3b. Figure 5
shows the influence of the setting angle and the rotational speed on
the frequency and the decay rate, with k; = 0.5. Increasing the
setting angle decreases the frequency and the decay rate, especially at
a larger rotational speed.

Figure 6 shows the influence of the gain factor k, on the Q factor
via Eq. (47). When k, is very small, the decay rate approaches zero
and the Q factor is very large. It means that energy dissipation is very
small. When k, increases over a critical value, the Q factor
approaches a fixed value. It is easily understood via Eq. (47) and
Fig. 3. Moreover, it is found that the influence of rotating speed on the
Q factor is slight. The Q factor depends predominantly on the gain
factor.

4 —

w T <O oa=0 [ a=1

3.6 - O a=2 Ao o=3
4

3.2

* TN

2.4 —
e 88855 g 5 ¢
4 o
2 T T T T T T T 1
0 10 20 30 40 50 60 70 80 90

0

a)

1_

¢ _ < a=0 [ a=1
/ O a=2 A o=3

0.8 —

0.4 <O
02 T T T T T T T 1
0 10 20 30 40 S50 60 70 80 90
)
b)

Fig. 5 Influence of the setting angle and the rotational speed o on the
frequency and the decay rate of a rotating cantilever beam [w, = 0.01,
W =0,a =0.0000096, ¢ = 1.722, m = 1.807,d, = 0.98k3,d, = 1.892k,,
k; =0.5,and « = 0.5].

1000 3
Q-factor]
100
] — =1
] T a=2
U
1 T ] T | T I T I T | T |

0 0.4 08 12 1.6 2 24

Fig. 6 Influence of the gain factor k; on the Q factor of a rotating
cantilever beam [w,=0.01, w =0, a=0.0000096, e=1.722,
m =1.807,d, = 0.98k},d, = 1.892k,;, r = 0.5, and 6 = 30 deg].
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VI. Conclusions

In this paper, Hamilton’s principle is used to derive the governing
differential equations and the boundary conditions for the coupled
axial-bending vibration of a piezoelectric rotating beam. The
analytical solution of a piezoelectric rotating beam is derived. The
relation among the energy dissipation, the frequency, and the decay
rate is revealed. The influences of the gain factor, the setting angle,
and the rotating speed on the frequency and the decay rate are
investigated. The findings are as follows:

1) When the gain factor is increased or decreased from zero, the
frequency is decreased. When the gain factor increases from zero, the
decay rate increases rapidly from zero to a critical value and then
decreases slowly.

2) Given a gain factor, increasing the setting angle decreases the
frequency and the decay rate, especially at a larger rotational speed.

3) When the gain factor is large enough, the Q factor is almost
constant. The influence of rotating speed on the Q factor is slight. The
Q factor depends predominantly on the gain factor.

Acknowledgment

The support of the National Science Council of Taiwan, Republic
of China, is gratefully acknowledged (grant number Nsc93-2212-E-
168-017).

References

[1] Leissa, A., “Vibrational Aspects of Rotating Turbomachinery Blades,”
Applied Mechanics Reviews, Vol. 34, No. 5, 1981, pp. 629-635.

[2] Ramamurti, V., and Balasubramanian, P., “Analysis of Turbomachine
Blades: A Review,” The Shock and Vibration Digest, Vol. 16, No. 16,
1984, pp. 13-28.

[3] Rao, J. S., “Turbomachine Blade Vibration,” The Shock and Vibration

Digest, Vol. 19, No. 5, 1987, pp. 3-10.

[4] Lin, S. M., “The Instability and Vibration of Rotating Beams with
Arbitrary Pretwist and an Elastically Restrained Root,” Journal of
Applied Mechanics, Vol. 68, No. 6, 2001, pp. 844-853.

[5] Lin,S.M.,Lee, S. Y.,and Wang, W.R., “Dynamic Analysis of Rotating
Damped Beams with an Elastically Restrained Root,” International
Journal of Mechanical Sciences, Vol. 46, May 2004, pp. 673-693.

[6] Lin S. M., and Lee, S. Y., “Prediction of Vibration and Instability of

Rotating Damped Beams with an Elastically Restrained Root,”

International Journal of Mechanical Sciences, Vol. 46, Aug. 2004,

pp. 1173-1194.

Turcotte, J. S., Hollkamp, J. J., and Gordon, R. W., “Vibration of a

Mistuned Bladed-Disk Assembly Using Structurally Damped Beams,”

AIAA Journal, Vol. 36, No. 12, 1998, pp. 2225-2228.

Patel, B. P., and Ganapathi, M., “Non-Linear Torsional Vibration and

Damping Analysis of Sandwich Beams,” Journal of Sound and

Vibration, Vol. 240, No. 2, 2001, pp. 385-393.

Friswell, M. L., and Lees, A. W., “The Mode of Non-Homogeneous

Damped Beams,” Journal of Sound and Vibration, Vol. 242, No. 2,

2001, pp. 355-361.

[10] Lee, U., and Kim, J., “Spectral Element Modeling for Beams Treated
with Active Constrained Layer Damping,” International Journal of
Solids and Structures, Vol. 38, Sept. 2001, pp. 5679-5702.

[11] Benjeddou, A., “Advances in Piezoelectric Finite Element Modeling of
Adaptive Structural Elements: A Survey,” Computers and Structures,
Vol. 76, June 2000, pp. 347-363.

[12] Sun, D., and Tong, L., “Modeling and Analysis of Curved Beams with
Debonded Piezoelectric Sensor/Actuator Patches,” International
Journal of Mechanical Sciences, Vol. 44, Aug. 2002, pp. 1755-1777.

[13] Lin, S. M., “Dynamic Analysis of Rotating Nonuniform Timoshenko
Beam with an Elastically Restrained Root,” Journal of Applied
Mechanics, Vol. 66, No. 3, 1999, pp. 742-749.

[7

—

[8

—

[9

—

M. Ahmadian
Associate Editor



